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An unknown small-x behavior of nucleon structure functions brings to appreciable uncertainties
in high-energy neutrino-nucleon cross-sections. We show that Regge theory inspired description of
F ep2 (x, Q
2) at small x by A. Donnachie and P. V. Landshoff, comprising ’soft’ and ’hard’ pomeron
terms, may be fairly combined with perturbative QCD parameterization at large x. We meet these
descriptions over log x at each Q2 with help of simple polynomials, smooth interpolation being
provided by an appropriate choice of interpolation zone boundaries.
To express the low-x neutrino-nucleon structure functions F νN, ν¯N2 (x,Q
2) and singlet part of
F νN, ν¯N3 (x, Q
2) in terms of low-x F ep2 (x,Q
2) we introduce the Q2-dependent ratios R2(Q
2) and
R3(Q
2) which are derived from perturbative QCD parameterization. The negligible non-singlet
low-x part of F νN, ν¯N3 is taken into account with help of simple power-law over x extrapolation of
corresponding perturbative function at each Q2. This procedure gives a full set of smooth neutrino-
nucleon structure functions in the whole range of x and Q2.
Using these structure functions we calculate the neutrino-nucleon cross-sections and compare
them with several known results which were obtained under different suggestions. Due to the hard
pomeron term, our cross-sections turn out to be the highest at ultrahigh energies. However, even
at Eν = 1× 1012 GeV the ratio of total cross-sections does not exceed 2 ÷ 4.
I. INTRODUCTION
Observation of cosmic rays with energies E > 3  1020 eV [1] implies the possibility of ultrahigh-energy, with
Eν > 1 1015 eV, cosmic neutrinos production in yet unknown ’hot spots’ of the Universe. These cosmic rays are in
contradiction with Greisen-Zatsepin-Kuzmin (GZK ) spectrum cut-o [2] which is to take place due to intensive proton
energy losses in cosmic microwave background radiation, p + γ ! + + n, when CM -system energy Ec  mpi + mn.
But, on the other hand, they guarantee the diuse ultrahigh-energy -fluxes production in decays of secondary charged
pions, + ! +µ, and muons, + ! e+eµ. Detection of such neutrinos is one of the main goals of UltraHigh-Energy
Neutrino Astrophysics (UHENA).
Neutrino detectors register debris of N - and/or e−-collisions, i.e. mainly high-energy muons and nuclear-
electromagnetic cascades. The rate of events is proportional to the number of scattering centers (nuclei, electrons)
and to the convolution product of -spectrum and dierential cross-sections. The observed -fluxes dier from those
at origin due to N -, e-scattering both in unknown neutrino sources and in the Earth. Neutrinos are being both
absorbed in CC- and are being driven to lower energies in NC-collisions [3]:
l( l) + N(e−) ! l(e) + X; (CC) (1)
l( l) + N(e−) ! l( l) + X; (NC) (2)
where l = e; ;  .
Since e−-scattering processes involve mostly leptons, they are under good control in the framework of standard
model. Their cross-sections are small as compared with N ones; only the resonance hadron cascade production in





scattering shows itself as a high narrow spike in the rate of cascades spectrum at Eh = m2W =2me ’ 6:4 1015 eV [4].
A detailed discussion of these processes may be found in Ref. [5].
As regards N -cross-sections, especially at extremely high energies, they are unknown yet. Really, to calculate the
rate of high-energy events in a neutrino detector one actually needs the dierential cross-sections of ()N DIS in
the whole range of kinematic variables 0  x  1 and 0  Q2  1. Such cross-sections, with QCD-eects being
taken into account (see Ref. [6]), may be expressed in terms of Parton Distribution Functions (PDF) in proton, in our
case quarks, qi(x; Q2), where qi = u; d; c; s; t; b. However, an influence of non-perturbative QCD-eects on nucleon
Structure Functions (SF) at small both Q2 and x cannot be accurately estimated. It makes one to rely just on
theoretical models, i.e. on various extrapolations.
In fact, neutrino-nucleon dierential cross-sections depend only on structure functions F νN2 (x; Q
2) and
F νN, ν¯N3 (x; Q
2) (see e.g. Ref.’s [7{9]). In case of CC scattering (1) these cross-sections are

















pi , y =
EX
Eν
, SW = Sm2
W
and S = 2mNEν , the  sign corresponds to = cross-sections, respectively.
It is useful to decompose the F νN, ν¯N3 into singlet and non-singlet parts,
F νN, ν¯N3 (x; Q
2) = FNS3 (x; Q
2) FS3 (x; Q2): (5)
The NC cross-sections (2) may be expressed in a similar to (4) way, but with mW replaced by mZ , SW replaced by
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sin2 W ; 3 = −23 sin
2 W ; 4 =
1
3
sin2 W ; (8)
we use sin2 W = 0:23117.
The quark contents of functions F νN2 , FNS3 and FS3 are as follows:
F νN2 (x; Q
2) = x(q + q); (9)
FNS3 (x; Q
2) = q − q; (10)
FS3 (x; Q
2) = 2(s− c + b− t); (11)
with q(x; Q2) = u + d + s + c + b + t and q(x; Q2) = u + d + s + c + b + t.
Various parameterizations of qi(x; Q2), including popular recent versions of CTEQ, MRST and GRV, may be found
in PDFLIB [10]. Basically, they are parameterizations for solutions of LO/NLO DGLAP (Dokshizer-Gribov-Lipatov-
Atarelli-Parisi) perturbative QCD equations; boundary conditions, qi(x; Q20), are being taken from the t of data at
small Q20  1 GeV2. Describing proton SF in a wide range of (x; Q2)-plane,
10−5  x  1; 1 GeV 2  Q2  108 GeV 2;
with obvious possibility of extrapolation to practically arbitrary Q2, they may explain a great deal of existing data.
However, with Eν increasing the ever smaller values of x = Q
2
Sy get important in N -scattering. It should be noted
that UHENA actually promises the deepest insight in small-x physics. Indeed, the record measurements today by
HERA [11] relate to F ep2 (x; Q
2) structure function with x > 10−5, while neutrino-nucleon SF with Eν  1019 eV
are sensitive to x < 10−6  10−8. As LO/NLO DGLAP dynamics evolves in Q2-direction with x being xed, it
provides no information about small-x SF behavior. Moreover, the applicability of DGLAP approach to small-x




Np(z), suers from singularities at N = 0. These singularities arise in the perturbative expansion of
pqG and pGG in powers of S .
The only small-x solution obtained in the framework of perturbative QCD is the BFKL-pomeron [13]. However,
the validity of this asymptotic solution is still to be checked. Although the importance of this approach is widely
2
recognized, there were lately many criticisms of the pure BFKL-pomeron solution (see e.g. Ref. [14] and references
therein).
A certain modication of BFKL-pomeron description has been proposed in Ref. [15]. It includes a unied
BFKL/DGLAP evolution equation with a special ’consistency constraint’ being imposed on BFKL component. Au-
thors applied this approach to calculations of neutrino-nucleon cross-sections and checked manifestations of such
solution in UHENA.
In this paper we shall concentrate on a dierent approach to small-x physics which has been recently developed by
A. Donnachie and P. V. Landshoff et al., hereafter DL [12,16]. It is based on the Regge theory inspired description
of small-x ep-structure function, F ep2 (x; Q
2). The authors made a simplest possible assumption, namely, that contri-
butions from branch points of the complex l-plane at t = 0 are much weaker than those from poles. Although this
hypothesis violates unitarity, predicting a power-law growth of cross-sections at extremely high energies, it describes
data successfully and may be used as a guideline in F ep2 (x; Q
2) small-x extrapolation search.
According to DL, F ep2 (x; Q
2) may be written down as a sum of three factorized terms,





where 0; 1 and 2 relate to so-called ’hard pomeron’, ’soft pomeron’ and %; !; f; a exchanges, respectively. Shapes of
fi(Q2) and values of i are parameters; they are to be chosen so that to t the data. One of the best and the most




























was proposed in Ref. [16]. With
0 = 0:418; 1 = 0:0808; 2 = −0:4525;
A0 = 0:0410; A1 = 0:387; A2 = 0:0504;
a0 = 7:13; a1 = 0:684; a2 = 0:00291;
X = 0:485; Q20 = 10:6; Q21 = 48:0;
(16)
it describes 539 data points with 2  1:016 per point.
It is worthy of note that authors of this approach rather prefer ts with f0 / Q0 at high Q2 [12]. In spite of
slightly higher 2, such ts are very attractive since their hard pomeron term looks similar to the perturbative BFKL
solution. However, the direct identication of these two pomerons seems to remain dubious.
In fact, all descriptions of small-x SF are basically extrapolations with certain merits and demerits. In this paper
we construct one more set of structure functions F ep2 , F
νN
2 , FS3 and FNS3 . We want them
1. to be dened in the whole range of variables 0  x  1 and 0  Q2  1;
2. to comprise both perturbative at high-x description, viz. CTEQ5 [17], and non-perturbative at low-x pure Regge
theory approach of DL;
3. to be smooth over both variables with limited change of rst derivative over log x in the interpolation zone.
We call this approach DL+CTEQ5. Our guess is that it is appropriate for the purposes of UHENA.
Using DL+CTEQ5 functions we calculate the CC, NC and total (CC + NC) ()N -cross-sections and compare
them with the results of Ref.’s [5,15].
We also use for comparison the cross-sections obtained in the framework of trivial ’logarithmic’ extrapolation,
hereafter Log+CTEQ5,
F νN,Log+CTEQ5i (x < xmin; Q














; xmin = 1 10−5; (18)
which is analogous to the approach of Ref. [3]. These SF smoothly shoot to the low-x region from the CTEQ5 dened
high-x one. Starting values of functions and of their logarithm derivatives over x in such extrapolation are being
taken at the x = xmin boundary of CTEQ5.
II. CONSTRUCTION OF DL+CTEQ5 STRUCTURE FUNCTIONS
According to (4,6,7), neutrino-nucleon cross-sections depend just on F νN2 (x; Q
2), FS3 (x; Q
2) and FNS3 (x; Q
2) SF,
which quark contents is given by (9-11). However, the best small-x data relate to F ep2 (x; Q
2). Being just dierent
combinations of quark density distributions qi(x; Q2), these functions are bound indirectly. It is strongly desirable to
make use of this information.
A. United F ep2 structure function
Let’s rst build a united smooth over x and Q2 structure function F ep2 (x; Q
2) with small-x behavior being in
accordance with DL description (12-15) and with large-x one being determined by CTEQ5. These functions are
dierent, of course, so that we are to meet them smoothly, i.e. to interpolate between them.
First, to restrain the Q2 divergency we choose the DL parameter set (13-16). Really, at large Q2 only the hard
pomeron term (13) survives in (12) so that F ep2 (x; Q
2) / ln Q2. On the other hand, perturbative dynamics predicts
an approximately logarithmic over Q2 asymptotic growth of SF as well. In fact, the CTEQ5 Q2-dependence of F ep2
at high Q2 and x  xmin is close to logarithmic, but dierent; it rather looks like
F ep2 (x; Q
2) / (ln Q2)1+α(x) (19)
with j(x)j  1. So, despite both functions t to the same HERA data at x = xmin and therefore should coincide in
a wide range of Q2, they inevitably disperse at large Q2. To reduce this discrepancy we solved the equation (x) = 0
numerically and found the root to be
x = x0 ’ 2:527 10−5: (20)
We take this value as one of the boundaries of our interpolation zone.
Luckily, x0 is rather close to the left CTEQ5 boundary xmin = 1  10−5. At x ’ x0 both DL and CTEQ5
parameterizations still keep valid. It means that at relatively small Q2 < 500 GeV2 they are to be very close, if not
equal. It is important that at large Q2 and x = x0 both descriptions practically not to disperse.
On having reconciled the Q2 behaviors, we take concern of smooth SF meeting over x at each Q2. The x-
dependencies of these parameterizations are dierent. To meet them smoothly, we undertake an interpolation between
ln F DL2 and lnF
CTEQ5
2 with help of cubic over ln x polynomials; these procedure assures the rst derivatives to be
continuous in the whole interpolation zone.
As it was stated above, we have already xed one border of the interpolation zone at x(Q2) = x0 (see (20). Changing
of the shape of another border, we call the latter xL,R(Q2), generates a set of dierent interpolations. The subscripts
L; R mean that at small Q2 we look for the right border, xR(Q2), while at large Q2 we look for the left one, xL(Q2).
The crossing takes place at Q2  1:78 106 GeV2. Such borders extend the influence of soft and hard pomerons at
small Q2 to the x’s still described by CTEQ5, on the one hand, and on the other hand increase the influence range of
the perturbative description at high Q2 to smaller x’s .The slant border seems us to be reasonable from the physical
point of view.
The quality of interpolation may be parameterized by imposing of an additional condition:
max














∣∣∣∣ < C; 8 fx0; x00 2 [x0; xL,R]g : (21)
This actually constrains the maximum change of the tangent in the x0; xL,R range. The higher is C, the closer borders
are allowed. However, at the same time the higher tangent change becomes possible in the interpolation zone. An




















FIG. 1. The borders of interpolation zone corresponding to C = 0.12 (see 21).
So, the described procedure results in F ep2 (x; Q
2) with the desired properties. The x-dependence of these structure
functions is plotted in Fig. 2a for several values of Q2. And in Fig. 2b the Q2-dependence of the same functions is
depicted for several values of x.
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FIG. 2. a) F ep2 (x, Q
2) as a function of x for different values of log10 Q
2 = 1, 2, 3, 4, 5, 6, 7, 8. Each label equals to the value of
corresponding log10 Q
2. The cubic spline interpolation over x zone lies between two dash lines. b) F ep2 as the function of Q
2
for several values of x denoted in the plot. The mW line corresponds to Q
2 = m2W .
B. United neutrino-nucleon structure functions
Now let us turn to construction of neutrino-nucleon SF F νN2 (x; Q
2), FS3 (x; Q
2) and FNS3 (x; Q
2). For relation of
F ep2 (x; Q
2) with F νN2 (x; Q2) a simple receipt has been proposed in Ref. [8], hereafter FMR. Under an assumption that
i-th flavor quark and anti-quark distributions in proton are equal, qi = qi, and that u = d = s = 2c = 2b, the




F ep2 (x; Q
2)
rule had been derived there. We modify this relation by introducing of Q2-dependent ratios R2(Q2) and R3(Q2).
They are extracted from CTEQ5 at x = x0 according to the rule
R2(Q2) =
F νN, CTEQ52 (x0; Q
2)
F ep, CTEQ52 (x0; Q2)
; (22)
R3(Q2) =
xFS, CTEQ53 (x0; Q
2)
F ep, CTEQ52 (x0; Q2)
: (23)
These ratios are shown in Fig. 3. They dier from the constant values R2 = 7217 and R3 =
9
17 , denoted in the picture
as FMR. The dierence is especially appreciable at small Q2 due to thresholds of heavy quarks production.
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calculated within CTEQ5 at x = x0. The FMR lines correspond to
analogous coefficients RF MR2 =
72
17




Combining ratios (22,23) with the constructed F ep2 (x; Q
2) and assuming that these relation keep valid at arbitrary
low x, we get the small-x
F νN2 (x; Q
2) = R2(Q2) F ep2 (x; Q2); (24)
FS3 (x; Q
2) = R3(Q2) F ep2 (x; Q2): (25)
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Then we undertake an analogous to (21) cubic polynomial interpolation to smooth and restrict the x-discontinuity of
these parameterizations.
For describing of the negligible small-x non-singlet structure function FNC3 (x; Q
2) we used a trivial extrapolation
of the corresponding CTEQ5 function in a way analogous to the Log+CTEQ5 (17,18). This nishes the construction
of united neutrino-nucleon SF.
The characteristic features of the derived SF are illustrated in Fig.’s 4a and 4b. F νN2 (x; Q
2) are depicted there for
several values of x versus Q2 and for several values of Q2 versus x.
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FIG. 4. a) F νN2 (x, Q
2) as a function of x for different values of log10 Q
2 = 1, 2, 3, 4, 5, 6, 7, 8. Each label equals to the value
of corresponding log10 Q
2. The cubic spline interpolation over x zone lies between two dash lines. b) F νN2 as the function of
Q2 for several values of x denoted in the plot. The mW line corresponds to Q
2 = m2W .
The behavior of xFS3 (x; Q
2) and of xFNS3 (x; Q
2) as functions of x are demonstrated in Fig.’s 5a and 5b.
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FIG. 5. a) xF S3 (x,Q
2) as a function of x for different values of log10 Q
2 = 1, 2, 3, 4, 5, 6, 7, 8. Each label equals to the value
of corresponding log10 Q
2. The cubic spline interpolation over x zone lies between two dash lines. b) The same plot as a) but
for non-singlet xF NS3 (x,Q
2). The dashed lines correspond to logarithmic extrapolation of corresponding perturbative function
as described in the text.
III. COMPARISON OF CROSS-SECTIONS
Substituting the constructed DL+CTEQ5 SF into Eq.’s (4,6,7) we obtain the dierential N -cross-sections. The
following integration over x and y and summation of CC - and NC -inputs gives us the total cross-sections as functions
of Eν .
Denoted as DL+CTEQ5, this sum is shown in Fig. 6. For comparison we also plot here the corresponding cross-
sections obtained in the framework of
a) simple Log + CTEQ5 extrapolation (17);
b) CTEQ4 parameterization by Gandhi et al. Ref. [5], denoted as GQRS-98 (CTEQ4);
c) the united BFKL/DGLAP approach by Kwiecinski, Martin and Stasto [15], labelled as KMS.
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FIG. 6. Total (CC+NC) DLGLAP+CTEQ5 νN-cross-sections. The analogous cross-sections of Log+CTEQ5 extrapolation
(17), of CTEQ4 parameterization by Gandhi et al. and of the united BFKL/DGLAP approach by Kwiecinski, Martin and
Stasto, labelled as KMS are shown for comparison.
Due to Regge hard pomeron pole, our approach predicts more rapid growth of cross-sections at high energies.
Dierences between all these calculations becomes especially clear in Fig. 7. We have divided each cross-section by
the cross-section of Log+CTEQ5. The ratios are plotted in the graph. At Eν = 1 1012 GeV the DL+CTEQ5 turns
out to be twice as high as the logarithmic cross-section.
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FIG. 7. r(Eν) are ratios of the shown cross-sections and of Log+CTEQ5 cross-section.
This dierence is neither unexpected nor dramatic for UHENA. One should remember that uncertainties in -
9
fluxes are still much higher, while low measurement accuracy of future detectors and low statistics suggest that
such dierence may be practically insignicant. However, we believe that rapid growth of N -cross-sections may be
eventually detected in future giant detectors. This eect may play an essential role for  0s of TD models.
One should keep in mind that DL Regge theory approach violates unitarity. It implies that power-law growth of
cross-sections should be replaced at higher energies by, say,  / ln2 Eν one. Nobody knows where and how it will
occur.
CONCLUSIONS
In this paper we have derived a set of smooth over x and Q2 ep- and N -structure functions. According to
construction, they are in agreement with Regge theory inspired hard + soft pomeron small-x parameterization by
Donnachie and Landsho and coincide with perturbative Q2 parameterization by CTEQ5 at large x. For the smooth
meeting of these structure functions over both x and Q2, the special interpolation zone boundaries have been dened.
We recalculate the known F ep2 (x; Q
2) to F νN2,3 (x; Q
2) structure functions at small x’s with help of introduced ratios
R2,3(Q2) which are derived from perturbative CTEQ5 description at x0 = 2:527 10−5.
With these structure functions we have calculated the N -cross-sections at extremely high energies and com-
pared them with those obtained a) within a simple logarithmic extrapolation of perturbative structure functions
(Log+CTEQ5 ) and b) in papers [5,15].
At small and moderate energies our cross-sections do not dier from others. However, at extremely high energies
non-perturbative hard pomeron dynamics causes a quicker rise of total N -cross-sections with energy. Actually, these
growth is the highest among all predicted in the framework of conventional theories.
We understand that pure pomeron behavior of SF cannot be a nal answer since it violates unitarity. However, we
believe that such approach may be relevant in a wide range of energies involved in UHENA.
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